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Abstract 

We compute the operator product expansion (OPE) between the spin-4 current and itself 
in the WD 4 coset minimal model with 5*0(8) current algebra. The right hand side of this OPE 
contains the spin-6 Casimir current which is also a generator of WD4 coset minimal model. 
Based on this N = 8 result, we generalize the above OPE for the general A/" (in the WDn_ 
coset minimal model) by using two iV-generalized coupling constants initiated by Hornfeck 
sometime ago: the simplest OPE for the lowest higher spin currents. We also analyze the 
similar OPE in the WB^&nd WB n-i ) coset minimal model with 5*0(7) current algebra. The 
large N 't Hooft limits are discussed. Our results in two dimensional conformal field theory 
provide the asymptotic symmetry, at the quantum level, of the higher spin AdS 3 gravity found 
by Chen et al. 



1 Introduction 



In the Gaberdiel and Gopakumar proposal Pfl[2], the WA^_i minimal model conformal field 
theory is dual, in the 't Hooft ■h expansion, to the higher spin theory of Vasiliev on the 
AdS 3 coupled to one complex scalar. The higher spin gauge fields in the bulk AdS 3 couple 
to a conserved higher spin currents (whose charges form an extended global symmetry of the 
conformal field theory) in the boundary theory. See the recent review papers [3J H] . 

The SU(N) spin-3 Casimir construction in the W A^-i minimal model (described in terms 
of a coset) has been found in [5|. The four independent cubic terms are made of the spin- 
1 currents in the two factors in the numerator of the coset. Then the OPE between the 
spin-3 current and itself generates the spin-4 current [6] which consists of quartic terms and 
quadratic terms with derivatives in terms of above spin-1 currents. Furthermore, the SO(N) 
spin-4 Casimir construction in the WDn and WBn-i minimal models [7] is found in [5] with 
the observation of [91 [10] . The quartic terms, cubic terms with one derivative and quadratic 
terms with two derivatives in the spin-4 current (with two unknown coefficient functions) are 
given in terms of the spin-1 currents in the two factors in the numerator of the coset. It is 
natural to ask what happens when one computes the OPE between the spin-4 current and 
itself. 

In this paper, we compute the OPE between the spin-4 Casimir current and itself, the 
simplest OPE for the lowest higher spin currents, in the WDn_ coset minimal model with 
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iV = 8. During this computation, the spin-6 Casimir current arises on the right hand side of 
this OPE and the two unknown coefficients in the spin-4 current are fixed. We would like to 
generalize the above OPE for the general N by using two iV-generalization coupling constants 
[TT] . We also analyze the similar OPE in the WBn^i coset minimal model. 

As described in [llj, the findings over there did not answer for what kinds of the field 
contents for WD 4 (or WB 3 ) algebra are present. In this paper, one sees the field contents 
for the higher spin currents, explicitly, living in the specific coset model we are considering. 
In |12j . they started with the most general ansatz for the OPEs between the spin-4, spin-6, 
spin-8 currents and determined the various structure constants using the Jacobi identities 
between these higher spin currents. This can be classified by the approach 1 in the context 
of [13]. With the identification of the above algebra as Drinfeld-Sokolov reduction (can be 
described as the approach 2 in [13]) of higher spin algebra, they applied to the coset model by 
comparing the central charge and the self-coupling constant of the spin-4 current. However, 
it is not clear how one can see the explicit form for the higher spin currents on the coset 
model. Since the approach 3 in [13] we are using is based on the specific model and the 
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higher spin currents are made of the fields in the coset model, one can analyze the zero mode 
eigenvalue equation which is necessary to describe the three-point function with real scalar as 
in [HJ [TBJ IS]- Note that the zero modes satisfy the commutation relations of the underlying 
finite dimensional Lie algebra. 

According to the result of [161 03], one expects that the additional currents as well as 
WAn-i (or WDn) currents with arbitrary levels appear. As one puts one of the levels as 
one, then this extra current in the OPE disappears completely. In the spirit of [31 HZ] , one 
can think of more general algebra rather than conventional W A^_i (or WDn_) algebra: the 
existence of additional higher spin currents. One of the levels in this general coset model is 
not equal to 1. Then one cannot use the isomorphism between the coset construction and 
the Drinfeld-Sokolov reduction, explained in [12], because this isomorphism restricts to have 
one of the levels as 1 [13] . This implies that for this general coset model with levels (k,l), 
one cannot follow the procedure developed in [12] directly 0. Our presentation in this paper 
will give some hints in order to describe the general coset model with levels (k, I) in two 
dimensional CFT. 

In section 2, we review the diagonal coset minimal models and describe the spin-2 current 
with the central charge. 

In section 3, by taking the OPE between the spin-4 currents, we construct the spin-6 
current in the WDn minimal model with N = 8. By realizing the presence of two structure 
constants which depend on the general N, the OPE between the spin-4 currents which is valid 
for any iV is given. 

In section 4, we describe the similar OPE in the WB n-i minimal model. 
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In section 5, we summarize what we have found and comment on future directions. 

In the Appendices, for convenience, we present the relative coefficient functions in terms 
of two undetermined ones for each minimal model. These appeared in [8] previously. 

During this preparation, we have noticed that the work of [12] has some overlaps with our 
work although they did not consider the explicit realizations we are using. Furthermore, we 

1 In other words, the direct construction using the Jacobi identity (without knowing the realization of 
the higher spin currents) is not connected to the Casimir (coset) constuction directly. This implies that 
even though one has the self-coupling constant for the spin-4 current from the work of [Tj] [T^], the coset 
construction itself (a realization in the specific coset model) is interesting in order to identify a complete set 
of generating currents which will have larger symmetry. Once we determine the lower higher spin currents 
using the coset construction explicitly, then the next undetermined higher spin currents can be generated, 
in principle, by computing the OPEs between the known higher spin currents repeatedly (i.e., by analyzing 
the various singular terms). In general, this procedure will be quite involved. Contrary to the approach 1 
(which can be done only if one knows the number of currents with given spins) , the resulting extended algebra 
via the approach 3 is associative by construction and therefore we do not have to check the Jacobi identities 
separately. It would be interesting to study this more general coset model and its AdS^ gravity dual which 
will be beyond the scope of this paper. 
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also have noticed the presence of a previous work by Hornfeck [TT] independently before their 
paper came out. 

We are heavily using the package by Thielemans |18j . 



2 The GKO coset construction: Review 



For the diagonal coset model 



G _ SO(N) k e SOjN^ 
H ~ SO(N) k+l 



(2.1) 



the spin-1 fields, J ab (z) with level 1 and K ab (z) with level k, generate the affine Lie algebra 
G. The indices a, b — 1,2, ■ • ■ , N are in the representation of finite dimensional Lie algebra 
SO(N). Their OPEs [Tj5] are 



J a \z)J cd {w 
1 



_ S bc S ad + S ac S bd^ 



+ 



(z — w) 



(z — w) 2 

5 bc J ad {w) + 5 ad J bc {w) - 5 ac J bd {w) - 5 bd J ac {w) 



+ 



(2.2; 



and 



K ab {z)K cd {w) 
1 



■k{-5 bc 5 ad + 5 ac 5 bd ) 



+ 



(z — w) 



(z — w) 2 

5 bc K ad (w) + 5 ad K bc (w) - 5 ac K bd (w) - 5 bd K ac (w) 



+ 



(2.3) 



The spin-1 field, J' ab (z) with level (k+ 1), that generates the affine Lie subalgebra H, is given 
by 

J' ab (z) = J ab {z)+K ab {z). (2.4) 
The Sugawara stress energy tensor for the coset (12 .ip is, with (12.41) . 



T(z) 



J ab J ab )(z) 



4{N-1) 
— X - — -(J' ab J' ab )(z). 



A(k + N -2) 



{K ab K ab ){z) 



A(k + N - V 

The OPE between the spin-2 currents (I2.5P is given by 



(2.5) 



T(z) T(w) 



1 % + - — 2T(w) + - 1 — dT(w) + 



(z-w) 4 2 (z-w) 



(z — w) 



(2.6) 
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The central charge in the highest singular term in (\2.6\i is given by 



N 
2 



(N-2)(N-1) 
(N + k-2)(N + k- 1) 



N 
< —. 
~ 2 



(2.7) 



The higher spin Casimir currents of spin 4 in WDn_ and WB n-i minimal models were con- 
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structed in [8]. In next sections, we will compute the OPEs between these spin-4 currents in 
each minimal model. 



3 The OPE between the spin-4 current and itself in 
WDn minimal model with even N 

T 

In jS], the spin-4 current is determined, with two unknown coefficient functions, by 



V(z) 



J cd J ef K cd K ef {z) + c 8 J cd J ef K ce K df {z) + c 9 J cd K ef K ce K df {: 



+c w K cd K ef K ce K df (z) + c u J cd J cd J ef J ef (z) + cia J cd J cd J ef K ef (z) + c 13 J cd J cd K ef K ef (z 
+c 14 J cd K cd K ef K ef (z) + ci fi K cd K cd K ef K ef (z) + c 18 J cd J ce K ef K df (z) + c 21 J cd J ce J df J ef { 



+c 22 J cd J ce J df K ef {z) + di d.J ab dJ a \z) + d 2 d 2 J ab J a \z) + d 3 dK ab dK a \z) + d A d 2 K ab K ab/ 
+d 5 d 2 J ab K ab (z) + d 6 dJ ab dK ab (z) + d 7 J ab d 2 K ab (z) + d 8 J ab dJ ac K bc (z) 
+d 9 J ab K ac dK bc (z), (3.1) 



where the coefficient functions are given in (lA.lj) . Let us first consider the particular N = 8 



case in the WDn minimal model 
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It is straightforward to compute the OPE between this 
spin-4 current (13.11) and itself for given the basic OPEs from f)2.2p and (I2.3p . We present the 
final result and then describe the details we use 



V(z) V(w) 
1 



1 



c 



z - w) 8 4 



+ 



1 



+ 



(z - w) 1 



(z - w) 6 
42 



2T(w) 



1 



1 



(z-w) 5 2 



2dT(w) 



— 2d 2 T+ , 
20 (5c + 22 



10 dT ) +C ^ V 



[w) 



2 In this case, the currents are given by the spin-4, the spin-6 currents as well as the spin-2 current. 
Moreover, there exists one additional spin-4 current. For general N, this last current has a spin-^- This 
implies that for large TV behavior, the OPEs between the lower higher spins in the WDn_ minimal model do 

not contain this spin-^ held. However, for WD^ minimal model, we will see that the extra spin-4 current 
does not appear in the OPE between the other spin-4 currents. This can be explained by the existence of the 
outer Z2 automorphism [201 112] under which the spin-2, spin-4 and spin-6 currents are even while the extra 
spin-4 current is odd. For general N, the 'orbifold' subalgebra of WDn_ [21] is generated by the quadratic 

term in the extra spin--^ (of spin N) as well as its higher derivative terms, in addition to the above spin-2, 
spin-4, ■ • •, spin-(iV - 2). 
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1 



y z-w) 

1 

[z - w) 



30 2 (5c + 22) 



d\T 2 — ^d 2 T ) + - C 4 4 dV 



10 



' 2<9 4 T + 5 



42 



168 



36 (5c +22; 



d 2 T 



10 



d 2 T)+^Ci A d 2 V 



36 



24(72c+ 13) 



(5c + 22) (2c - 1) (7c + 68) V 

(95c 2 + 1254c - 10904) 
6(5c + 22)(2c- l)(7c + 68) 



( T (T 2 - -d 2 T) - -d 2 TT + -d 4 T 
10 5 70 



2 v 10 ; 5 



70 



-<9 4 T 



+ 



28 



3(c + 24) 
1 



^4 

L/ 44 



7V - -<9V +C° 4 W 
6 



,2 - W 



1 2 <9 5 T + — 



42 



1120 



36 (5c + 22) 



d z(T 2 -^:d 2 T)+^Ct 4 d 3 V 



10 



36 



+ 



24(72c+ 13) 



2 (5c + 22) (2c - 1) (7c + 68; 
1 (95c 2 + 1254c - 10904) 



d ( T(T 
1 



-d z T) 
10 ; 5 



70 



2 6(5c + 22)(2c- l)(7c + 68) 



r>[-d 2 {T 2 -^d 2 T)-\d 2 TT + ^T 



1 

+ - 



28 



2 3(c + 24) 



C 4 4 9 ( TV - -d 2 V ) + - C Q AA dW 



6 



y 44 ' 



(w) + 



(3.2) 



Let us first consider the highest singular term. From the explicit structure of the eighth-order 
pole, one obtains the following expression 



192fc(2 + fc)(4 + £;)(6 + k)(7 + fe)(9 + k)(ll + fc)(13 + fc) c 2 . 

By normalizing that this expression (13. 3p is equal to | with 

4fc(13 + fe) 



CiV=8 



(3.3) 



(3.4) 



(6 + fc)(7 + A:) 

coming from the central charge (12. 7p . one determines the unknown coefficient C10 as follows: 

C 2 = 1 (~ 4 + c ) 4 (3 5) 

10 192(2 + fc)(4 + fc)(6 + A;) 2 (7 + fc) 2 (9 + jfc)(H + Jfe) 130056192(24 + c)(22 + 5c) ' 1 ' ; 

We also express the coefficient C10 in terms of the central charge ( 13.41) for convenience. There- 
fore, the central term is given by | as in (13. 2p . 

The next singular term, seventh pole, does not have any nonzero fields. In the sixth 
order pole, there exists a spin-2 current T(w) with coefficient 2 which is a structure constant 
between the spin-4, the spin-4 and the spin-2 currents. In the fifth order pole, one obtains 
the descendant field dT(w) of T(w) with the coefficient function | x 2 = 1 where the relative 
coefficient function | is known from the spins of the current V(z), the current V(w), the 
current T(w) and the number of derivatives in the descendant field [221 E21 ESI fT7] . 
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In the fourth order pole, one also has a descendant field originating from the spin-2 cur- 
rent T(w) appeared in the higher-order singular term with known coefficient x 2 = ^. 
Furthermore, one expects that there exist a spin-4 quasi primary field as well as the spin-4 
primary field V(w) by remembering the OPE of spin-4 currents in the extended conformal 
algebra [H [251 [25M231 [27], denoted by W(2,4) along the line of pj, where the higher spin 
current is of spin-4 Q Then it turns out that the fourth-order pole is given by the one in (13. 2p 
and the self-coupling constant for the spin-4 is given by 

4 2 _ 12(4 + fc)(9 + fc) _ 18(c + 24) 
l ° 44j _ (2 + A0(ll + Jfe) ~ (5c +22) ' [6 - b) 

where we also write down Cj A in terms of the central charge. One can also determine the 
remaining unknown coefficient function c§ as follows: 

(6 + /c) 



c 8 



105 



(7 + k)J(4 + k){9 + fc)(148 + fc(13 + k)) + (4 + fc)(133 + fc(16 + k)) 



cio (3.7) 



with (13. 5j) . Of course, the structure constant (13. 6ft is different from the corresponding one in 
the W(2, 4) algebra as in [13]. For the WD± algebra, the field contents are given by the spin-4, 
the spin-4 and the spin-6 currents as in footnote [2] while W(2,4) algebra contains only the 
spin-4 current. The above structure constant (13. 6 j) coincides with the general- TV dependent 
structure constant found by Hornfeck by substituting N = 8 with 



n 



1 1 
d' 

18 



2c 2 (-18 + (-2 + N)N) + 2iV(-28 + N(5 + 6N)) 



+ 3c(-8 + iV(80 + JV(-49 + 6iV)))] 2 , 

= (22 + 5c) (c + (-5 + c)N + 4iV 2 )(c(-4 + N)(-3 + N) + N(-5 + 2N)) 

x (2c(2 + JV) + (-4 + iV)(-2 + 3iV)). (3.8) 



Recently, this expression is reproduced in [12J. 

In the third-order pole, there are no additional spin-5 quasi-primary fields. There are 
one descendant field coming from T(w) and two descendant fields coming from spin-4 quasi 
primary and primary fields. 



3 If one does not know the field contents in the fourth-order pole, one can follow the method done in [17] . 
One performs the OPE between the spin-2 current T(z) and the fourth-order pole subtracted by jyd 2 T(w) and 
focus on the fourth-order pole. Then one has nonzero T(w) term on the right hand side of OPE. This indicates 
that one can consider the extra quasi-primary field containing T 2 (w) term with derivative term because the 
OPE between T(z) and T 2 {w) provides a term T{w) in the fourth order pole. The coefficient — ^ in the 
derivative term can be checked via the vanishing of third-order pole in the OPE with T(z). Then it is simple 
to compute the OPE between T(z) and the fourth-order pole subtracted by j^d 2 T(w) + Ci(T 2 — j^d 2 T)(w). 
Once again, the primary field condition fixes the constant as ci = ( 5e ^ 2 2) • Of course, one should compute the 
OPE between T(z) and d 2 T{w) explicitly in order to obtain this result. 
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Now we are ready to consider the next second-order singular term @. One expects that 
there should be a spin-6 primary field which is a generator of WD4 minimal model. The first 
line of the second-order pole in ( 13. 2 p is known and the remaining three terms are characterized 
by three spin-6 quasi-primary fields §. Although the ^/-independent terms are characterized 
by d 4 T(w),d 2 TT(w),T 3 (w) and dTdT(w) (these are all possible spin-6 fields coming from 
th spin-2 current T(w)), it is very important to split two descendant terms and two quasi- 
primary fields in order to find out the new quasi-primary fields for given pole. These also arise 
in the W(2, 4) extended conformal algebra. Then finally, we are left with a spin-6 primary 
field where 

d A W(z) = coeft(k) J 12 J 12 J 12 J 12 J 12 J 12 (z) + ■■■, (3.9) 

and coeff(fc) is a complicated function of k and we do not present it here. 

In order to determine the normalization for the spin-6 current, one should compute the 
highest singular term from the OPE between the current (13. 9p and itself. However, it is 
not possible, at the moment, to do this because the spin-6 current has too many terms. By 
demanding that this central term should be equal to |, one expects that one should obtain 
the normalization factor as follows: 

rr e ^ 2 6(-l + fc)(14 + fc)(24 + 5fc)(41 + 5k) _ 12(c - l)(llc + 656) 

1 44j (-6 + Jfe(13 + Jfe))(119 + 4A;(13 + Jfe)) (2c- l)(7c + 68) ' 1 ' ' 

This structure constant ( 13. 10|) is taken from the more general N dependent expression found 
by Hornfeck 

(Q 6 4 ) 2 = 2' 



It took several months to compute the complete pole structures (up to second-order pole) with several 
personal computers. Although we have not checked the first-order pole explicitly, we expect that the first- 



order pole in (|3.2[) is correct. The point is whether there exists an extra quasi-primary field of spin-7 or 
not. Since V(z) V(w) = V(w) V(z), one can reverse the arguments z and w in (|3.2[) with the insertion 
of some quasi-primary field of spin-7 and use Taylor expansions about the coordinate w. Then we have an 
explicit expression as in the Appendix of |16) . All the higher order terms greater than order- 1 can appear as 
the derivative terms at the first-order pole. It turns out that the first-order term in V(w) V(z) appears as 
the first-order pole term in (|3.2[) and above spin-7 field with opposite sign. Therefore, one realizes that by 
comparing both sides, the above quasi-primary field of spin-7 vanishes. 

5 In [13], the expression for £l B s in (5.11) is not right. The correct one is £Ibs(w) = T(T 2 - -^d 2 T)(w) - 
lQ 2 TT(w) + j^d 4 T(w) as in Q3.2p . Also note that the notation for the normal ordering we are using here is 
different from the one in |23j as emphasized in [17] . Sometimes there are several ways to express the quasi- 
primary field by using the identities Td 2 T(z) = d 2 TT{z) + ±<9 4 T(z) and d 2 {T 2 - ^d 2 T){z) = 2dTdT(z) + 
2d 2 TT(z) - ^d A T{z). That is, H BS (z) corresponds to fi(z) of [23], P B s{z) corresponds to -fr(z), and 
{Vlss — ^Pbs)( z ) corresponds to A(z). Note that any linear combinations of quasi-primary fields for given 
spin provide a different quasi-primary field. The convention for the quasi-primary fields in [26] is the same as 
the one in [T3] while the convention for the same quantity in [23] is the same as those in [T2J [2S] . 
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n = 12(-l + c)(22 + 5c) 2 (c(-6 + iV)(-5 + iV) + 2N(-7 + 2N)) 

x (2c(4 + N) + (-8 + 3iV)(-4 + 5iV))(c(3 + N) + 2N(-7 + 6N)), 

d = (24 + c)(-l + 2c)(68 + 7c)(c+ (-5 + c)iV + 4iV 2 ) (3.11) 

x (c(-4 + iV)(-3 + JV) + iV(-5 + 2iV))(2c(2 + N) + (-4 + N)(-2 + 3N)). 

As pointed out by Hornfeck [TT], there exists also an extended conformal algebra W(2, 4, 6) 
in [27] which is nothing to do with the present case but is related to the next example WB\ 
coset minimal model. By substituting iV = 3 into the formula (13.81) and (13. lip , the author 
could obtain the structure constants in [27J exactly. Note that the spin-4 and spin-6 currents 
are made of stress energy tensor and its N — 1 superpartner of spin | [13] . The explicit form 
is given in [28]. Furthermore, the author of [11] checked that the classical c — >■ oo limit of 
(13. 8p coincides with the one in [291 where the structure constant can be obtained from the 
one from WA^_ 2 minimal model [j. Note that there exists a factor (c — 1) in the structure 
constant in (13. lip . In other words, c = 1 implies that = 1 or = 2(1 - N). Then, for 
k — 1, the structure constant C| 4 vanishes. This is kind of 'minimal' extension of conformal 
algebra [TTJ where the only higher spin current is of spin 4 while the higher spin current of 
spin-6 vanishes. 

We claim that the lowest OPE between the spin-4 current in the WDn_ coset minimal 

2 

model is characterized by (13. 2 p where the central charge is given by (12. 7p . the spin-4 current 
is given by (13. ip . the spin-2 current is given by (12. 5p . the structure constant C| 4 is given by 
(13. 8p . and the structure constant C| 4 is given by (13. lip . For the spin-4 and spin-6 currents, 
we have found for particular N = 8 case in the WDn_ minimal model (and iV = 6 case) B For 
the spin-4 current at general N, there exist two unknown coefficient functions as we explained 
before. It would be interesting to obtain this spin-6 current which holds for arbitrary N. This 
can be done by computing the OPEs between the spin-4 currents (13.11) by hand. 

The large (N, k) 't Hooft limit provides the following limiting value for the central charge 

psiiin] 

c->— (1-A 2 ), A = — — . 3.12 

2 K h N+k-2 v ; 



6 The self-coupling structure constant between the spin-4 currents in the WAn-2 minimal model is given 
by [dUJ[2] (C 44 ) — (2+c)(22+5c)(-4+A')(-3+JV)(2+c-7Ar+cAr+3JV 2 )(4+2c-i8iv+civ+87V 2 ) • °^ taking tne C y CO 

2g ( 2g 27V | N^\^ 

limit, this leads to 5 (_ 4+A r)(_ 3+A r)( 1+ jv)(2+iV) wmcn i s equal to the corresponding limit of (|3.8|) [29]. 

7 We have checked the OPE p. 21) when N = 6 and realize that the result is exactly the same as (|3.2j) by 
replacing the central charge cn=6 = (SfJ§(5+F) an< ^ * ne ^ = 6 for the currents and structure constants. The 
field contents of WDn_ minimal model are given by the spins 2,4, • • • , (N - 2), f . The naive field contents 
for N — 6 are given by spins 2, 3, and 4 in this formula. According to the observation of [31] , the minimum 
value of N for the above field contents in the WDn. minimal model is equal to 8. 
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Furthermore, the limiting values for structure constants are obtained and they are 

36 (-19 + A 2 ) 2 



(Q 4 r 



5(-3 + A)(-2 + A)(2 + A)(3 + A)' 



(r *V 150(-5 + A)(-4 + A)(4 + A)(5 + A) 
( ° 44j 7(-3 + A)(-2 + A)(2 + A)(3 + A) ' 

Then the OPE ( 13 . 2 H under the large (N, k) limit can be obtained by substituting (13.1 2D and 
( 13.13P into (I3.2p . See also the related works [32] [33] where the large (N, k) 't Hooft limit on 
the OPE was described. 

Recently, the asymptotic symmetry of the truncated higher spin gravity in the context of 
black hole [31] turns out to be the classical W(2, 4) algebra. By changing the Poisson bracket 
into the commutators between Fourier modes, one obtains the various commutation relations. 
Note that the Fourier mode of normal ordered product field is defined as the sum of product 
of each Fourier mode in [16]. On the other hand, one can take the classical c — > oo limit 
for the OPE in (13. 2D . Any composite field of order n can contain only -^--behavior term. 
For example, the d 2 T(w) term appears in the fourth-order pole. The c-independent term 
survives while c-dependent term goes away because it has - behavior. The quasi-primary 
field containing T 3 (w) term in the second-order pole has cubic term, quadratic term and 
linear term in T(w). The overall factor behaves as under the large c limit. Therefore, the 
only cubic term can survive. See also [351 E2] where the similar limiting procedure was done. 
Eventually, one can check the classical version of (13. 2 p matches with the one in [31] by turning 
off the structure constant Cf 4 which appears in front of the spin-6 current on the right hand 
side of OPE0. 

In other words, our OPE (13. 2p . at the quantum level, provides the asymptotic symmetry 
algebra in the bulk theory. The more general analysis in higher spin Ad S3 gravity correspond- 
ing to WDn_ coset minimal model should produce the spin-6 current on the right hand side 

2 

of OPE and the quantum behavior coming from the normal ordering in the composite fields 
should appear. Note that the OPE ( 13.21) holds for any iV and is an exact (and complete) 

8 For the WD 4 algebra, the structure constant p. 101) vanishes at c = 1 or c = In [251 127], the 

W(2, 4, 4) algebra has been shown to be consistent with for these values c = 1 and c = — As we 
take c — > 00 limit with fixed N, the structure constant behaves as (C 44 ) 2 — > ^p^fmrz^m^^M^^WT 
which is the ratio of each c 6 term in the denominator and numerator of (C| 4 ) 2 . Therefore, for N = 6, 
this structure constant vanishes. One sees the behavior of the structure constant C| 4 in the classical limit. 
According to the observation of footnote HI one has (C 44 ) 2 — > || by substituting N = 6 into the formula. 
Note that this numerical value || is exactly the same as the one in the classical W(2,4) algebra because 

5 t5c+22)(^e-iK7^+68) 6) ^ 5^7 = §• The WD 3 al S ebra reduces to the W(2,4) algebra [34]. For N = 5, the 
above structure constant C 44 vanishes and from the footnote [TUl the structure constant (C 44 ) 2 reduces to |g. 
We thank the referee for raising this issue. 
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expression. Each higher spin current is made of Casimir operators that are constructed from 
the WZW currents. The spin-4 current has two undetermined coefficients and the complete 
form for the spin-6 current is not known. 



4 The OPE between the spin-4 current and itself in 
WBn i minimal model with odd N 

In this case, the spin-1 field is realized by N free fermions [HI [36j EZ] 

J ab {z) =i) a i)\z). (4.1) 

The OPE between the fermions is given by 

i/) a (z)i/j b (w) = 1 J ah + • ■ • . (4.2) 
[z — W) 

One can easily see the OPE (Q by using (JHD and (Oil . One takes the other OPE (12~3|) . 
The Sugawara stress energy tensor is given by (12. 5p with diagonal current (12.41) . The OPE 
satisfies (12. 6p with the central charge (12. 7p . 

The spin-4 current in [S] is, with two undetermined coefficient functions, given by 

V(z) = c 3 J cd J ef K cd K ef {z) + c 9 J cd K ef K ce K df (z) + c 10 K cd K ef K ce K df (z) 

+ Cll J cd J cd J ef J ef {z) + c 12 J cd J cd J ef K ef {z) + c 13 J cd J cd K ef K ef (z) + c 14 J cd K cd K ef K ef (z) 

+ci 5 K cd K cd K ef K ef (z) + cis J cd J ce K ef K df (z) + dx dJ ab dJ ab {z) + d 2 d 2 J ab J ab (z) 

+d 3 dK ab dK ab (z) + d 4 d 2 K ab K ab (z) + d 5 d 2 J ab K ab (z) + d 6 dJ ab dK ab (z) + d 7 J ab d 2 K ab (z) 

+d 8 J ab dJ ac K bc {z) + d 9 J ab K ac dK bc {z), (4.3) 

where the coefficient functions are given by (IB.lj) . 

Now one can compute the OPE V(z) V(w) and it turns out that one has the equation 
(13.21) . The highest singular term with N = 7 has 

n 

poles = — , 
d 

n = 21A;(720c^(-l + A;)(2 + A;) 2 (3 + 2A;) 2 (10 + 3A;)(21 + 4A;)(285 + 31A;) 2 
+ ^(5 + A;)(1320 + 79/c(ll + A;)) 

x (-898722 + fc(201615 + A;(578098 + A;(126529 + 92A;(107 + 3Jfe)))))) , 
d = (2 + jfc)(5 + A;)(3 + 2A;)(285 + 31A;) 2 (-250 + 23A;(5 + 6A;)), (4.4) 
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where there exist two unknown coefficients eg and <i§. Normalizing this (I4.4p to be | where 
the central charge is 

7k(ll+k) 

CN = 7 ~ 2(5+k)(6+ky (45) 

one has one relation between the coefficients. The seventh order pole vanishes as before. The 
sixth order pole can be written in terms of 2T(w) where T(w) is given by ( 12. 5 p with N = 7. 
Then the unknown two coefficients are determined as 

2 1320 + 869fc + 79k 2 

° 9 ~ 24(2 + fc)(6 + k) 2 (9 + k)(3 + 2fc)(19 + 2fc)(10 + 3fc)(23 + 3k) ' 

rf2 (2 + fc)(3 + 2fc)(10 + 3fc)(285 + 31k) 2 

8 24(6 + A;) 2 (9 + £;)(i9 + 2A;)(23 + 3k) (1320 + 869fc + 79fc 2 )' ^ ' ^ 

One can write down these (14.61) in terms of (14.51) but the expressions are rather complicated. 
From the fourth-order pole, one obtains the self-coupling constant for the spin-4 current 

150(7224 + 6677A; + 2180fc 2 + 286fc 3 + 13A; 4 ) 2 



' ° 44; ~ (2 + k) (9 + k) (3 + 2k) (19 + 2k) (10 + 3Jfe) (23 + 3fc) (1320 + 869fc + 79k 2 ) 
2(4214 + 627c + 34c 2 ) 2 



(21 + 4c) (22 + 5c) (19 + 6c) (161 + 8c) ' 

This coincides with the results [38] from the quantum Miura transformation. It is easy to 
check that one also obtains (14. 7p from ( 13. 8 j) by putting N = 7. The classical c — > oo limit 
of ( 13. 8 p coincides with the one in [29] where the structure constant can be obtained from the 
one from WA^-i minimal model l. 

Also one can read off the spin-6 current 

C 4 6 4 W{z) = coeS(k)^ a d 5 ^ a (z) + ■■■, (4.8) 

where coeS(k) is a complicated function of k. One also expects that one obtains the following 
structure constant, after computing the OPE between the spin-6 current (14. 8p and itself, 

f 6 , 2 n = 80(-l + c)(49 + c) 2 (22 + 5c) 2 (403 + 22c) 

^ A4 ' ~ d ~ 3(24 + c)(-l + 2c)(21+4c)(19 + 6c)(68 + 7c)(161 + 8c)' 

n = 5(-l + fc)(4 + A;) 2 (7 + fc) 2 (12 + A;)(13 + 4fc)(31 + 4A;)(1320 + 869A; + 79A: 2 ) 2 , 

d = (2 + k)(9 + k)(3 + 2k)(19 + 2k)(W + 3A;)(23 + 3k)(-5 + Ilk + k 2 ) 

x (288 + 121fc + 11A; 2 )(816 + 407A: + 37fc 2 ). (4.9) 



9 The self-coupling structure constant between the spin-4 currents in the WAn—i minimal model is given 

, foTil fr^t ^2 _ 36(82+45c-19e 2 -94jV 2 -75ciV 2 +c 2 Ar 2 + 12Ar 3 + 18cjV 3 ) 2 

Dy [oUj (C 44 J - ( 2+c )(22+5c)(-3+JV)(-2+W)(-2+2c-Ar+ c iV+3JV :4 )(-6+3c-2Af+cJV+8Af ;i ) ' taking tile C r OO limit, 

this leads to 5(_3 + jv)(_2+jv)(2+jv)(3+iV) which is equal to the corresponding limit of (|3 .8[) with N replaced by 

n + i im 



n 



One sees this expression from (13. lip by taking N = 7. Also this structure constant (14.91) 
appeared in 1381. The lowest OPE between the spin-4 current and itself in the WB n-i coset 

2 

minimal model is characterized by ( 13. 2\\ where the central charge is given by 112. 7ft . the spin-4 
current is given by ( 14.31) . the spin-2 current is given by (12. 5ft . the structure constant C| 4 is 
given by (13.81) . and the structure constant C| 4 is given by (13. lip . For the spin-4 and spin-6 
currents, we have found for particular N = 7 case (and N = 5 case) lj. As described before, 
when N = 3 (i.e., WB\ coset minimal model), the structure constants (I3.8P and ( 13. lip produce 
the previous known results in [27] 0. As before, the 'minimal' extension of conformal algebra 
arises for k = 1 where the only higher spin current is of spin-4 while the higher spin current 
of spin-6 vanishes. 



5 Conclusions and outlook 

We have found the OPEs (13.21) between the spin-4 current and itself in the WDn_ and WB n-i 

2 2 

coset minimal models, by checking those in WD3 and WD4 minimal models (and WB2 and 
WB 3 ) explicitly. These are the simplest OPEs for given minimal models. By using the 
holography between the above conformal field theory and higher spin AdS% gravity, we expect 
that the bulk computation, at the quantum level, should possess the asymptotic symmetry 
corresponding to the OPE ( 13. 2p . 

It is an open problem to find the correct answer for the following interesting subjects. 

• The full expressions of the spin-4 and the spin-6 currents at general N. So far, the spin-4 
current is found, for general N, up to two unknown coefficients. This can be done only after 
one should compute the OPE between the spin-4 current and itself by hand. After doing this 
complicated long computation, one can extract the spin-4 current and the spin-6 current (up 
to an overall factor) completely. Or one can follow the method in [8] in order to obtain the 
spin-6 current by imposing that the OPE with diagonal current has no singular term and the 
spin-6 current is primary field under the stress energy tensor. It is nontrivial to exhaust all 
the possible terms coming from sextic-, • ■ ■, cubic- and qudratic-terms in WZW currents. 

• The quantum Miura transformations and the corresponding higher spin currents. One 
can also find the higher spin currents using the quantum Miura transformation. Then it 

10 We have also checked for the OPEs in WB2 minimal model [3HJ [31] where the spin-6 current contains a 
term UdU(w) and U(w) is a spin-| current |S]. The structure constants (C| 4 ) 2 = (9 5 J j t 2 C )^22+5c) t (i3+\4c) an< ^ 
(Cf 4 ) 2 = (2™})J-i+2c)(25+2ffi m WB 2 minimal model can be obtained from f|378|) and (j3.11[) by 

plugging N — 5 respectively. There is a (c — 1) factor in C| 4 . 

llr TW k fT 4 ^ 2 - 54 (- 82 + 47c + 10c2 ) 2 and (C 6 ) 2 - 144(-l+ c ) 2 (ll+e)(22+5c) 2 (ll + 14c) rpi • , n 

1 nat is, {^4.4.) - (2i + 4c)(22+5c)(-7+i0c) ancl ^°44J — (24+c)(-i+2c)(2i+4c)(68+7c)(-7+i0c) ■ J- nere is a |C 1J 
factor in the second structure constant. 
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is straightforward to compute the OPE between the spin-4 and the spin-6 and the OPE 
between the spin-6 and itself. The nontrivial part in this direction is to obtain the primary 
fields under the stress energy tensor by combining the nonprimary fields with fixed spins. 
Also it is interesting to see whether the other structure constants in [IT] are correct or not. 

• Any supersymmetric extensions? So far, the supersymmetric versions of minimal model 
holography are described in the recent works @Ql SU S21 H3l [32l SH [33l H3 SHI SZl HHl SHI [50]. 
In particular, it would be interesting to see whether the WB n-i minimal model can be 

2 

generalized to the supersymmetric extension or not. In the coset model (12. ip . one of the level 
is fixed by one. What happens if this level is given by iV along the line of [H]? As pointed 
out in [12], it is an open problem to find out other supersymmetric coset minimal models. 

• It is natural to ask whether the next higher spin-5 Casimir current in the context of [5] 
can be obtained from the OPE between the spin-3 current and the spin-4 current or not. It 
would be interesting to construct the spin-5 current explicitly. 
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Appendix A The coefficients in the spin-4 current of WDn 
minimal model 

The explicit coefficient functions [8] in (13. ip . in terms of c$ and c\o, are given by 

c 3 = (c 8 (A; 2 (44 + 5iV)+44(2-3A^ + A^ 2 ) + A; (-132 + 73iV + 10iV 2 )) 
-2ci (42A; 4 + fc 3 (-338 + 163iV) + 2(-2 + N) 2 (76 - 67N + 12N 2 ) 
+k 2 (lOOO - 953iV + 219iV 2 ) + k (-1288 + 1826N - 835iV 2 + 122N 3 ))) / 
(fc 2 (44 + 5N) + 44 (2 - 3iV + iV 2 ) + k (-132 + 73iV + ION 2 )) , 

c 9 = -Ac 10 {-2 + k + N), 

c u = — (k (— c§( — 1 + A;) (5 — 3A" + A^ 2 ) (/c 2 (44 + 5A^) + 44 (2 — 3A" + A^ 2 ) 

+k (-132 + 73iV + ION 2 )) + 2c 10 (u(-2 + N) 3 (4 - 5N + N 2 ) 

+6k 5 (29 - 15JV + 7iV 2 ) + k 4 (-1438 + 1433N - 683N 2 + 163N 3 ) 
+2k(-2 + iV) 2 (648 - 876iV + 371iV 2 - 92N 3 + 12N 4 ) 
+3A; 3 (1536 - 2249iV + 1377iV 2 - 471iV 3 + 73N 4 ) 

+k 2 (-7096 + 13610N - 10495iV 2 + 4424iV 3 - 1090N 4 + 122iV 5 )))) / 
(2(-l + N) 2 (2-5N + 2N 2 ) (k 2 {AA + 5iV) + 44 (2 - 3iV + N 2 ) 

+k (-132 + 73iV + ION 2 ))) , 
ci 2 = (2(-c 8 (-l + A;)(5-3A^ + A^ 2 ) (A; 2 (44 + 5A^)+ 44(2-3A^ + A^ 2 ) 

+k (-132 + 73iV + ION 2 )) + 2ci (44(-2 + N) 3 (A-5N + N 2 ) 
+6k 5 (29 - 15N + 7N 2 ) + k A (-1438 + 1433N - 683N 2 + 163N 3 ) 
+2A;(-2 + A^) 2 (648 - 876N + 371N 2 - 92N 3 + 12N 4 ) 
+3A; 3 (1536 - 2249N + 1377N 2 - 471N 3 + 73N 4 ) 

+k 2 (-7096 + 13610N - 10495N 2 + 4424N 3 - 1090N 4 + 122N 5 )))) / 
((-2 + 7N - IN 2 + 2N 3 ) (A; 2 (44 + 5AQ + 44 (2 - 3N + N 2 ) 

+k (-132 + 73N + ION 2 ))) , 
C13 = -(3(-c 8 (A; 2 (44 + 5A0+44(2-3Af + Af 2 ) + /c (-132 + 73N + ION 2 )) 

+2ci (44(-2 + A0 3 (-1 + N) + 6fc 4 (5 + 2N) + 2k(-2 + AT) 2 (-101 + 73N + 7N 2 ) 

+A; 3 (-238 + 64N + 41 N 2 ) + k 2 (672 - 656N + 74N 2 + 43N 3 )))) / 

((2 - 3N + N 2 ) (k 2 (AA + 5N) + 44 (2 - 3N + N 2 ) + k (-132 + 73N + ION 2 ))) , 
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Cm 



Cl5 



Cl8 



12ciq(-2 + k + AQ (18 + 7k 2 - 15N + 4N 2 + 7fc(-3 + 2AQ) 
P(44 + 5N) + 44 (2 - 3N + N 2 ) + k (-132 + 73iV + 10iV 2 ) ' 

3c 10 (18 + 7k 2 - 157V + 4iV 2 + 7fc(-3 + 2N)) 
~ A; 2 (44 + 5N) + 44 (2 - 3iV + N 2 ) + k (-132 + 73N + ION 2 ) ' 
-6c 8 + 4c 10 (3A; 2 + 5A;(-2 + N) + 2(-2 + N) 2 ) 



-2 + N 

C2i = (A;(c 8 (-l + A;)(-8 + N) + 2cio(6A; 3 + 2(-4 + N)(-2 + N) 2 

+A; 2 (-32 + 13A0 + fc (56 - 46N + 9N 2 )))) / (2 (-2 + 7N - 7N 2 + 2N 3 )) , 

c 22 = - 2 _ 5jy 1 +2Jva 2(p B (-l + ifc)(-8 + ^) 

+2c 10 (6A; 3 + 2(-4 + N)(-2 + N) 2 + k 2 (-32 + 13N) + k (56 - 46N + 9N 2 

di = (A;(-c 8 (-1 + A;)(-2 + N)(A; 2 (44 + 5N)+44(2-3N + N 2 ) 

+A; (-132 + 73N + ION 2 )) + 2ci (6A; 5 (-8 + N) + k A (472 - 322N + 25N 2 
-8(-2 + N) 2 (-28 + 55N - 32N 2 + 5N 3 ) + A; 3 (-1768 + 2172N - 705N 2 + 35N 3 ) 
+k 2 (3168 - 5644N + 3294N 2 - 663N 3 + 20N 4 ) 
+k (-2720 + 6408N - 5460N 2 + 2000 N 3 - 274N 4 + 4N 5 )))) / 
(4(-l + N) (k 2 (AA + 5N) + 44 (2 - 3N + N 2 ) + k (-132 + 73N + ION 2 ))) , 

d 2 = (£;( C8 (_i + £;)(-4 + N 2 ) (A; 2 (44 + 5N)+44(2-3N + N 2 ) 
+k (-132 + 73N + ION 2 )) - 2c 10 (l8A; 5 (-8 + N 2 ) 
+3A: 4 (384 - 152N - 82N 2 + 25N 3 ) 
-8(-2 + N) 2 (-40 + 58N - 8N 2 - 13N 3 + 3N 4 ) 
+A; 3 (-3632 + 2992N + 464N 2 - 727N 3 + 105N 4 ) 
+k 2 (5632 - 7304N + 1064N 2 + 1778N 3 - 705N 4 + 60N 5 ) 
+2k (-2144 + 3928N - 1764N 2 - 552N 3 + 590N 4 - 127N 5 + 6N 6 )))) / 
(4 (l - 3N + 2N 2 ) (k 2 (AA + 5N) + 44 (2 - 3N + N 2 ) + k (-132 + 73N + ION 2 ))) , 

d 3 = (3 Cl0 (2A: 4 (-8 + N) + A: 3 (96 - 76N + 8N 2 ) + A; 2 (-104 + 216N - 103N 2 + 12N 3 ) 

+4 (36 - 84N + 71N 2 - 27N 3 + 4N 4 ) + k (-120 + 62N + 57N 2 - 42N 3 + 8N 4 ))) / 
(2 (A; 2 (44 + 5N) + AA (2 - 3N + N 2 ) + k (-132 + 73N + ION 2 ))) , 

d 4 = -(c 10 (2A; 4 (-8 + N) + A; 3 (96 - 76N + 8N 2 ) + A; 2 (-104 + 216N - 103N 2 + 12N 3 ) 
+4 (36 - 8AN + 71N 2 - 27N 3 + 4N 4 ) + k (-120 + 62N + 57N 2 - 42N 3 + 8N 4 ))) / 
(A; 2 (44 + 5N) + 44 (2 - 3N + N 2 ) + k (-132 + 73N + ION 2 )) , 
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d 5 = [-Qc 8 (-l + k)(-3 + N)N{k 2 (U + 5N)+u{2-3N + N 2 ) 

+k (-132 + 73iV + ION 2 )) + c 10 (6k 5 N (-197 + IbN + 14iV 2 ) 

+k A (96 + 9502iV - 5303N 2 - 445iV 3 + 35(W 4 ) 

+4(-2 + A^) 2 (-64 + 1060iV - 1945N 2 + 1237iV 3 - 316iV 4 + 28iV 5 ) 

+A; 3 (-320 - 31012iV + 33947iV 2 - 8004N 3 - 1485N 4 + 490N 5 ) 

+k 2 (-128 + 52536iV - 87576iV 2 + 47653iV 3 - 7523N 4 - 1042N 5 + 280iV 6 ) 

+2k (640 - 23560iV + 52290N 2 - 44415N 3 + 17202iV 4 - 2685iV 5 - 4iV 6 + 28iV 7 ))) / 

((l - 37V + 2iV 2 ) (A; 2 (44 + 5iV) + 44 (2 - 3N + N 2 ) + k (-132 + 73iV + 10iV 2 ))) , 

d 6 = -(5c 8 (-2 + A^)(A; 2 (44 + 5iV)+44(2-3A^ + iV 2 ) + A; (-132 + 73iV + 10iV 2 )) 

+4ci (3A; 5 (-8 + N) + k 4 (368 - 212iV + 5iV 2 ) - k 3 (l720 - 1893iV + 492N 2 + 10iV 3 ) 

-4(-2 + A^) 2 (-72 + 143iV - 87iV 2 + 16iV 3 ) 

+k 2 (3520 - 5888N + 3141iV 2 - 494N 3 - 20iV 4 ) 

-2k (1648 - 3786iV + 3149iV 2 - HlOiV 3 + 130iV 4 + 4N 5 ))) / 

(2 (k 2 (AA + 5N) + 44 (2 - 3A^ + N 2 ) + k (-132 + 73iV + 10iV 2 ))) , 

d 7 = (ci (-2 + A; + Ar)(2A; 4 (-8 + Ar) + A; 3 (l76 - 126iV + 13A^ 2 ) 

+k 2 (-416 + 584iV - 249iV 2 + 32iV 3 ) + 4 (-48 - 40iV + 130iV 2 - 77N 3 + 14N 4 ) 

+2k (176 - 240N + 161iV 2 - 69N 3 + 14N 4 ))) / 

(A; 2 (44 + 5iV) + 44 (2 - 3iV + N 2 ) + k (-132 + 73iV + 10iV 2 )) , 

d 8 = (2(-c 8 (-l + A;) (-10-21iV + 7iV 2 ) (A; 2 (44 + 5iV) + 44 (2 - 3iV + A^ 2 ) 
+k (-132 + 73N + HW 2 )) + 4c 10 (6A; 5 (-28 - Q2N + N 2 + 5N 3 ) 
+2(-2 + N) 3 (-76 - 233N + 471N 2 - 182N 3 + 20N 4 ) 
+k A (1436 + 2274N - 1474N 2 - 261N 3 + 125N 4 ) 
+k(-2 + AO 2 (-1252 - 2285N + 4489N 2 - 1538N 3 + 62N 4 + 20N 5 ) 
+A; 3 (-4676 - 5144N + 9067N 2 - 1946N 3 - 668N 4 + 175N 5 ) 
+k 2 (7152 + 5758N - 22139N 2 + 13624N 3 - 1946N 4 - 449 N 5 + 100N 6 )))) / 
((-2 + 7N - 7N 2 + 2N 3 ) (A; 2 (44 + 5N) + 44 (2 - 3N + N 2 ) 
+A;(-132 + 73N + HW 2 ))) , 

d 9 = (4c 10 (-2 + k + N) (5A; 3 (-8 + N) + 2A; 2 (78 - h3N + ION 2 ) 

+4 (42 — N — 30 N 2 + ION 3 ) + k (-236 + 153N - 56N 2 + 20N 3 ))) / 
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(V(44 + 5iV) + 44 (2 - 3N + N 2 ) + k (-132 + 73iV + 10iV 2 )) 



(A.l) 



The coefficients c 8 and C10 for A^ = 8 are determined by ( 13. 7ft and ( 13. 5ft . We also obtained 
those coefficients for N = Q. For general N, they are not known so far. 

Appendix B The coefficients in the spin-4 current of WBn-i 
minimal model 

The explicit coefficient functions [8] in (14.3j) . in terms of eg and d$, are given by 

4(-8 + JV)(-19 + Ik + 12N) 
° 3 ~ ~ 2(2 + k) (68 - 39N + ION 2 + fc(-4 + 5AQ) ' 

eg 

Cl ° ~ 4(-2 + Jfe + JV)' 

d 8 k(6k + 11(— 2 + N)) 
° n ~ ~4(-l + AO (68 - 39N + ION 2 + fc(-4 + 5AQ) ' 

d 8 (6fc + ll(-2 + AT)) 
° 12 ~ 68 - 39Af + l(W 2 + £;(-4 + 5A0' 

3rf 8 (~8 + N) (2fc 2 (5 + 2AQ + 22(2-3N + N 2 ) + k (-46 + 18AT + 7A^ 2 )) 
° 13 ~2(2 + jfc)(-4 + 2k + N)(2-3N + N 2 ) (68 - 39N + ION 2 + fc(-4 + 5N)) ' 
C14 = (rf 8 (-8 + A^) 2 (-2 + A; + Ar)(-16 + llAr) 

+ c 9 (-2992 + 4164N - 2456N 2 + 779N 3 - 129N 4 + ION 5 

- 6k 3 (4 - 13iV + 1(W 2 ) + k 2 (416 - 1080N + 561N 2 - 13(W 3 ) 

+ k (40 + 54N - 135N 2 + 79 N 3 - 15A^ 4 ))) / ((68 - 39N + ION 2 + fc(-4 + 5iV)) 

(-20(-2 + A^) 2 + Qk 2 (4-N + N 2 ) + k (—8 + 6A" — 3N 2 + N 3 ))) , 

cis = (-4(-8 + A0 2 (-2 + A; + A0(-16 + llA0 

+ c 9 (2992 - 4164N + 2456N 2 - 779N 3 + 129N 4 - ION 5 + 6A; 3 (4 - 13iV + 1(W 2 ) 

+ k 2 (-416 + 108(W - 561N 2 + 13(W 3 ) + k (-40 - 54N + 135N 2 - 79N 3 + 15N 4 ))) / 

(4(-2 + k + AO (68 - 39N + ION 2 + fc(-4 + 5iV)) (-20(-2 + JV) 2 

+ Qk 2 (A-N + N 2 ) + k + QN - 3N 2 + N 3 ))) , 

4(-8 + AT) (fc 2 (44 + 5N) + 44 (2 - 3N + N 2 ) + k (-132 + 73N + ION 2 )) 
° 18 (2 + k)(-2 + JV)(-4 + 2/c + A") (68 - 39N + ION 2 + fc(-4 + 5iV)) ' 

3d 8 fc (-4 + N + 2A^ 2 + fc(4 + AQ) 

1 ~ 4 (68 - 39N + 1(W 2 + fc(-4 + 5AQ) ' 

d 8 fc (-4 + N + 2N 2 + fc(4 + AT)) 

2 ~ ~2 (68 - 39N + ION 2 + k{-A + 5Nj) ' 
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d 3 = -(3(-2d 8 (-8 + N) 2 (4(-2 + N) 2 (-l + N) + k 3 (4-N + N 2 ) 

+ k 2 (-20 + 17 N - 8N 2 + 3iV 3 ) + k (32 - AQN + 25N 2 - 9N 3 + 2N 4 ) ) 

+ c 9 (-2 + N) (7616 - 13072iV + 9648iV 2 - 3852N 3 + 832iV 4 - 80N 5 

+ 2£r 3 (48-116iV + 82iV 2 -19iV 3 + 5iV 4 ) 

+ k (-992 - 656iV + 854iV 2 - 291N 3 + lliV 4 + ION 5 ) 

+ k 2 (-1600 + 2920N - 1926iV 2 + 691N 3 - 133N 4 + 20iV 5 )))) / 

(8 (-136 + 146iV - 59iV 2 + 10iV 3 + A; 2 (-4 + 5N) + k (76 - 53iV + 15iV 2 )) 
(-20(-2 + iV) 2 + Qk 2 (4-N + N 2 ) + k (—8 + 6iV — 3iV 2 + N 3 ))) , 
d 4 = (-2d 8 (-8 + N) 2 (4(-2 + N) 2 (-l + N) + k 3 (4- N + N 2 ) 

+ k 2 (-20 + 177V - 8iV 2 + 3iV 3 ) + k (32 - 46iV + 25N 2 - 9iV 3 + 2iV 4 )) 

+ c 9 (-2 + N) (7616 - 13072iV + 9648iV 2 - 3852N 3 + 832N 4 - 80N 5 

+ 2A; 3 (48-116A^ + 82A^ 2 -19A^ 3 + 5A^ 4 ) 

+ k (-992 - 656iV + 854N 2 - 291iV 3 + lliV 4 + ION 5 ) 

+ k 2 (-1600 + 2920iV - 1926N 2 + 691iV 3 - 133N 4 + 20N 5 ))) / 

(4 (-136 + 146iV - 59iV 2 + ION 3 + A; 2 (-4 + 5N) + k (76 - 53N + 15iV 2 )) 
(-20(-2 + N) 2 + 6A; 2 (4 - N + N 2 ) + k (—8 + 6N — 3N 2 + N 3 ))) , 

ds (-128 - 8(-17 + k)N + (-61 + 7£:)N 2 + 14N 3 ) 
5 ~ 4 (68 - 39N + ION 2 + fc(-4 + 5N)) ' 

d 6 = (d s (-8 + N)(-k 3 (-8 + N) + Qk 2 (-lQ + 9N) + k (232 - 2Q7N + QQN 2 + 4N 3 ) 

+ 2 (-72 + 143N - 87N 2 + 16N 3 ))) / (2(2 + fc)(-4 + 2k + N) 

(68 - 39N + ION 2 + fc(-4 + 5N))) , 

d 7 = (d s (-8 + N) 2 (4(-2 + N) 2 (-23 + l8N) + 2k 3 (4- N + N 2 ) 

+ k 2 (-80 + 64N - 31N 2 + UN 3 ) + k (312 - 414N + 199N 2 - 63N 3 + 14N 4 )) 

- 4c 9 (-2 + N) (7616 - 13072N + 9648N 2 - 3852N 3 + 832N 4 - 80N 5 

+ 2A; 3 (48-116N + 82N 2 -19N 3 + 5N 4 ) 

+ k (-992 - 656N + 854N 2 - 291N 3 + 11N 4 + ION 5 ) 

+ k 2 (-1600 + 2920N - 1926N 2 + 691N 3 - 133N 4 + 20N 5 ))) / 

(4 (68 - 39N + ION 2 + fc(-4 + 5N)) (-20(-2 + N) 2 + Qk 2 (4 — N + N 2 ) 

+ A;(-8 + 6N-3N 2 + N 3 ))) , 
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d 9 = (d s (-8 + N) 2 (5k 2 (4 - N + N 2 ) + 4 (42 - 53N + IQN 2 ) 

+ k (-124 + 99N - 25N 2 + ION 3 ) ) 

- 3c 9 (7616 - 13072iV + 9648iV 2 - 3852iV 3 + 832iV 4 - 80iV 5 

+ 2£; 3 (48-116iV + 82iV 2 -19iV 3 + 5iV 4 ) 

+ k (-992 - 656iV + 854iV 2 - 291iV 3 + lliV 4 + 10iV 5 ) 

+ k 2 (-1600 + 2920iV - 1926iV 2 + 691iV 3 - 133iV 4 + 20iV 5 ))) / 

((68 - 39iV + 10iV 2 + k(-4 + 5iV)) (-20(-2 + N) 2 + Qk 2 (4 - N + iV 2 ) 

+ k (-8 + QN - 3N 2 + N 3 ))) . (B.l) 

The coefficients eg and d$ for N = 7 are determined by (14.61) . For general N, they are not 
known so far. We also obtained those coefficients for N = 5. 
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